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Abstract. The goal of the present paper is to construct bandlimited highly 



localized and nearly tight frames on domains with smooth boundaries in Eu- 
clidean spaces. These frames are used do describe corresponding Besov spaces. 
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1. Introduction 

The goal of the present paper is to construct bandlimited and highly localized 
almost tight frames on domains with smooth boundaries in Euclidean spaces. These 
frames are used do describe Besov spaces on domains. 

Let f2 C M. d be a domain with a smooth boundary T. In the space L 2 (Fl) we 
consider a self-adjoint positive definite operator L generated by an expression 

d 

(1.1) Lf = - ^2 9 m (a mtk (x)d k f), 

m,fc— 1 

with zero boundary condition. Our main result is the following. 

Theorem 1.1. (Frame Theorem) For every < S < 1 there exists a set of functions 
Qj.i € ^2(^), j € [J, oo), 1 < i < Ij, such that: 

(1) {Qj.i} is a frame with constants 1 — S and 1, i.e. 

(l-*)ll/lli a(n) <f; E K/.Qw>l a <ll/HL(n)» /e£ 2 (0); 
j=j i<i<ij 

(2) every Qjj is bandlimited in the sense that it is a linear combination of 
eigenfunctions of L with eigenvalues in [2 2j_2 , 2 2j+4 ]; 

(3) functions Qj^ have very strong localization in the following sense: for any 
N > there exists a C(N) such, that 

O d 3 

(1-2) le^aOl < C{N) sup — ^, 

yeUj i max(l, 2i\x - y\) N 

where {Uj^} is a cover offl by sets whose diameter is comparable to <5 1 / d 2~ J ~ 2 , j 6 
[J, ex) 
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In Theorem l 5 . 2 1 this result is used to describe Besov norm of a function / € Li2(tt) 
in terms of frame coefficients (/, Oj,i). 

We don't discuss any reconstruction method of a function / G Z>2(^) from its 
projections (f,Ojj). However, since our frame is "nearly" tight (at least when S 
is close to zero) in practice one can use the same frame for reconstruction to have 
/ ~ X)j i (/> ® 3,i) Another way for reconstruction is to use iterative the so 

called frame algorithm, which in this case will exhibit geometric convergence with 
factor 8 n (2 — 5)~ n , where n is the number of iteration steps. Another possibility 
for reconstruction is through interpolation by variational splines exactly as it was 
done in [32]- [35]. 

In section 3 we construct frames in spaces of bandlimited functions E U (L) = 
span{uk} , Luk = XkUk, < w, in a way that their frame constants are independent 
on u) (Theorem 13. 3[) . It is important to note that according to our conditions a 
number of "samples" is approximately |f2|w d / 2 , which according to the Weyl's 

asymptotic formula [19], [43], is essentially the dimension of the space E U {Q). In 
this sense Theorem 13. 31 is optimal. 

In section 4 we represent functions in terms of appropriate bandlimited com- 
ponents and apply Theorem 13.31 Localization of frame elements follows from well 
known properties of spectral projectors for self-adjoint second-order differential op- 
erators on manifolds [19], [43]. In section 5 we introduce Besov spaces as interpo- 
lation spaces between £ 2 (0) and domains of powers of L and characterize them in 
terms of frame coefficients. Results similar to Theorem 15.11 can be found in |39| . 
|40) . A result, which is more general than Theorem 15. II will appear in [25] . 

The most important fact for our construction of frames is that in a space of 
w-bandlimitcd functions E U (L) the continuous and discrete norms are equivalent. 
This result in the case of compact and non-compact manifolds of bounded geom- 
etry was first discovered and explored in many ways in our papers |31)-|39j. In 
the classical cases of straight line R and circle S the corresponding results are 
known as Plancherel-Polya and Marcinkiewicz-Zygmund inequalities. Our general- 
ization of Plancherel-Polya and Marcinkiewicz-Zygmund inequalities implies that 
w-bandlimited functions on manifolds of bounded geometry are completely deter- 
mined by the values of their averages over " small" sets " uniformly" distributed over 
M with a spacing comparable to 1/ ^JTo and can be completely reconstructed in a 
stable way from such sets of values. The last statement is an extension of the fa- 
mous Shannon sampling theorem to the case of Riemannian manifolds of bounded 
geometry. 

The present paper is the first systematic development of bandlimited localized 
frames and their relations to Besov spaces on general domains. Several approaches 
to frames on the unit ball in M. d were considered in [52] , [2D] , [2T] but their methods 
and results are very different from ours. 

Most of our proofs and results hold for general compact Riemannian manifolds 
without boundary and even for non-compact manifolds of bounded geometry. We 
do not discuss such manifolds in this paper since for, say, compact closed mani- 
folds nearly tight bandlimited and localized frames were already developed in [13j . 
In the case of homogeneous compact manifolds bandlimited and localized tight 
frames were constructed in [17] . In the following papers a number of frames was 
constructed in different function spaces on closed compact manifolds and on non- 
compact manifolds [3J, @]-[B], [S]-[IH], [27]- [H]. On compact manifolds necessary 
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conditions for sampling and interpolation in terms of Beurling-Landau densities 
were obtained in [26], [30] . 

Applications of frames on manifolds to scattering theory, statistic and cosmology 
can be found in [2], [15], [16], [18], [25], [24], [20], [21]. 

Acknowledgement: The relevance of frames on manifolds to cosmology was 
discussed with Domenico Marinucci during my visit to the University of Rome Tor 
Vergata in May 2012. I would like to thank him for inviting me and for numerous 
conversations, which stimulated my interest to frames on domains in Euclidean 
spaces. 

2. Bounded domains with smooth boundaries and operators 

We consider bounded domains f2 C K d with a smooth boundaries F which are 
smooth (d — l)-dimensional oriented manifolds. Let fl = £1 U F and £2^) be 
the space of functions square-integrable with respect to Lebesgue measure dx — 
dx\...dxd with the norm denoted as || • ||. If is a natural number the notations 
H k (£l) will be used for the Sobolev space of distributions on with the norm 

H/llH*(n)= fll/ll 2 + E ll 9H /l 

\ l<|a|<fe 

where a = (a%, a^) and 9'"' is a mixed partial derivative 

(JLY 1 ( 9 Y d 

\dxij "' \dx d ) 

Under our assumptions the space (Vl) of infinitely smooth functions with support 
in Q, is dense in H k (£l). Closure in H k (£l) of the space C^°(£l) of smooth functions 
with support in f2 will be denoted as Hq (fi). 

Since T can be treated as a smooth Riemannian manifold one can introduce 
Sobolev scale of spaces H S (T), seK, as, for example, the domains of the Laplace- 
Beltrami operator £ of a Riemannian metric on T. 

According to the trace theorem there exists a well defined continuous surjective 
trace operator 

7 : H s (ft) H S - 1/2 (T), s > 1/2, 

such that for all functions / in H s (Cl) which are smooth up to the boundary the 
value 7/ is simply a restriction of / to F. 

One considers the operator (jl.lj) with coefficients in C°°(f2) where the matrix 
(aj^k(x)) is real, symmetric and positive definite on Q. The operator L is defined as 
the Friedrichs extension of L, initially defined on Qj°(S7), to the set of all functions 
/ in H 2 (Q) with constrain 7/ = 0. The Green formula implies that this operator is 
self-adjoint. The domain of its positive square root L 1 / 2 is the set of all functions 
/ in if 1 (ft) for which 7/ = 0. 

Thus, one obtains a self-adjoint positive definite operator in the Hilbert space 
L2^l) with a discrete spectrum < Ai < A2, ... which goes to infinity. 

3. Average sampling and bandlimited frames on domains 

Let Q(p), Q(2p) C K d be standard cubes of diameters p and 2p respectively with 
centers at zero. Let U C Q(p) be a closed set and dp, be a positive measure on U. 
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We will assume that the total measure of U is finite and not zero, i.e. 

< \U\ = / dp < oo. 
Ju 

We consider the following distribution on C°°(Q(p)), 

(3.1) = ±- J tpdii, \U\=J d», <peCZ°(Q(p)). 

Some examples of such distributions which are of particular interest to us are 
the following. 

1) Weighted Dirac measures. In this case U = {x}, x <G Q(p), measure dp is any 
non-zero number p and ^(/) = pS x (f) = pf{x). 

2) Finite or infinite sequences of Dirac measures 6j,Xj € Q(p), with correspond- 
ing weights pj. In this case U = {Jj{xj} and 

*(/) = I>M/)> 

3 

where we assume the following 

0<|C/|=El^l<oo, U = \J{ Xj }. 

3 3 

3) U is a smooth submanifold in Q(p) of any codimension and dp is its "surface" 
measure. 

4) U is a measurable subset of Q(p) , e?^ i s the Lebesgue measure dx, and |t/| 7^ 0. 
The following statement is an analog of the Poincare inequality. 

Lemma 3.1. For any k > d — 1 there exists a constant C — C(d, k) > such that 
the following inequality holds true 

(3.2) \\f-W)\\Uu)<C(d,k) £ p 2|a| ||aH/||i 2(Q(2p)) , 

i<H<fc 

for all f e H k (n),k > d/2, where a = {a u ...,a d ), and d^f = d^...d^f is a 
partial derivative of order \a\ = ai + ••• + a^. 

Proof. For any / e C°°(Q) and every x, y € U C we have the following 

/(*) = /(!/)+ E -.d^f{y){x-yr+ 

l<|a|<fc-l 

(3.3) V —, r t^d^fiy + m^dt, 
lit a! -A) 

where x = (xi, ...,x d ),y = (yi, ...,y d ),a = (ai, -,a<i), (x-y) a = (xi -yi)" 1 ...(ar d - 
yd) ad iV = \\x - y\\,-d = (x - y)/n. 

We integrate over U C Q{p) with respect to dp(y). It gives 

/(x) - *(/) = \IJ\- 1 [ ( £ -^f(y)(x - yT ] d/i(y)+ 
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From here we obtain 



/-*(/)||L 2(C /)<C(fc)l^r 1 £ [1(1 \d^f(y)(x-yr\dn(y)) 2 dx 

l<|a|<fc-l V Jc/ 7 , 



1/2 



U \JU 



t* _1 |a| /(y + ti?)0 a tft 



dfi(y) dx 



1/2 



= 1 + 11. 



(3.4) 

cwit/r 1 £ 

|a|=ft 

Note that the following inequality holds (see [27], Ch.V) for any ip G C°°((3(2p)) 

(3.5) sup |^)| <C(d,fc) £ P J - d/2 \W\\w {Q (2 P )), k >d/2, 
xeB % ( P /2) <.< k 

which implies the estimate for any ip € C°° (Q(2p)) 

(3.6) M<P)\< ™p \p(x)\<C(d,k) J2 P^ d/2 y\\H HQ (2 P )), k>d/2. 

xeQ(p) o<j<k 

Since U C Q(p), x, y € 17, one has x — y £ Q(2p), and then by (|3.6p for every 
|a| < /c — 1 we have 

' i<fc 
Thus, we obtain that 

(3.7) I<C(d,k) £ P l7l ||^l/|| i2(Q(2p)) , m>d-l. 

l<|7|<m-l 

By the Schwartz inequality using the assumption k > d/2 one can obtain the 
following inequality 



t k - 1 d\ a \f(y + t'd)^ a dt 



< Crf-*' 2 (j^t^d^fiy + t^A 



1/2 



Thus, the Minkovski inequality gives that 



t^d^fiy + W^dt 



II<C{k)\U\- 1 £ / (7 

\a\=k JlJ \ JV 

cikwr 1 £ U U r?*-* £^\dWfb+m 2 A^ ' My)- 

\a\—k 

We integrate over Q(p) using the spherical coordinate system Since 77 < p 

for I a I = k we obtain 



\ 1/2 
dx dp(y) < 

1/2 



(3.8) 



C 



p/2 



d-1 



P/2 



2tt r-p 



„d-\ 



2tt 



t k - 1 d k f(y + U)-d a dt 



d-ddrj < 



ri 2k - d \d k f{y + tdtfri^dridd ) dt < C(Q, k)p 2k \\d k f\\ 
jo J 

The result follows from (|3.7|) and ([3]). 



L 2 (Q(2p))- 



□ 
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We consider a regular cover of M. d by closed disjoint cubes {Qv(p)} of diameter 
p. Thus, two cubes from this family can intersect only over their boundaries. Set 
U v (p) = Q„(p)Pifl and let {Ui(p)} be a subcollection of all U v (p) which have positive 
measure. Obviously, the collection {Ui(p)} is a cover of f2 and diam Ui{p) < p. 
Thus, 

(3.9) Ui = Ui{p) = Qi(p) n n, (J Ui = n, diam C^(p) < p. 

Next, we introduce a family "J = {^i} of functionals on -£2^) where every func- 
tional has the form 

(3.10) 9i(f) = t^t / /(z)ote, / G L 2 (n), |^| = / dx. 

\ u i\ JUi JUi 

Note, that in general the functionals are continuous only on the space of smooth 
functions (see (|3.6[l ). However, if dpi(x) = dx and every Ui is open, then the 
Schwartz inequality gives continuity of ^ on La(f2). Our global Poincare inequality 
is the following. 

Lemma 3.2. For any k > d — 1 there exist constants c = c(0, L, fc), C = C(f2, L, fc) 
such that for any given < <5 < 1 if p < cS then the following inequality holds 

(3.11) (1 - 2d/3)||/||i s(n) < E l^ll**(/)l a + Cp^ll^VllLcn) 
/or / G V{L k ' 2 ). 

Proof. We will need the inequality (|3.12l) below. One has for all a > 

|,4| 2 = |A-B| 2 + 2|A-S||B| + |S| 2 , 2|A-B||S| < a-^A- B\ 2 + a\B\ 2 , 
which imply the inequality 

(1 + a)- 1 !^ 2 < a-^A - B\ 2 + \B\ 2 , a > 0. 
If, in addition, < a < 1, then one has 

(3.12) (1 - a)|^l| 2 <-\A-B\ 2 + \B\ 2 , < a < 1. 

a 

Applying inequality (|3.12[) we obtain 

(l-«)||/||! 2(f ,)<E(l-a)||/||| 2(t7i) < 

i 

(3.13) a-^y-MfW^m+ll^iW, \Ui\= f dx. 

i i •' u * 

Since Q has a smooth boundary, there exist a linear continuous extension operator 
(see [22], Sec. 8.1) 

H k (Q) -> H k (R d ), f -> / G # fc (R d ). 

Note, (see [T5], Sec. 17.5), that the following continuous embedding holds V(L k l 2 ) C 
H k (Q), k G N, holds, where T>(L k l 2 ) is considered with the graph norm. 
Thus, if / G T>(L k l 2 \ then according to Lemma T3. II one has for every z: 

11/ - WJIlLw = 11/ - WMlWo < c ^ fc ) E p 2|Q| ll5 |Q| /ll! 2 ( Ql ( 2rt )- 

i<i Q i<fc 
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Applying ([3]) with a — 5/3 and summing over i we obtain the following 

i l<j<k 

Since there exists a C(f2, k) such that for all 1 < j < k 
we obtain 

(i-V3)ii/iii 2( a ) <Ei^ii^(/)i 2 + ^ 1 ^ E ^'n/iiw 
t ' i<j<fe 

The regularity theorem for the elliptic second-order differential operator L (see [19] , 
Sec. 17.5) 

(3-14) \\f\\% m <6(||/||l 2( o) + l|i j/2 /l| 2 L 2 (o)) 5 /e^ fe/2 ), b = b(Sl,L,j), 
and the following interpolation inequality (see [19] . Sec. 17.5) 

(3.15) p 2 i^ /2 /HL ( n) <4a fc -^ 2fe ||£ fe / 2 /||i 2( n) +^11/111,(0), c = c(Q,L,k), 

which holds for any a, p > 0, < j < fe, imply that there exists a constant 
C = C (fi, L, fc) such that the next inequality takes place 

(l-^/3)||/|| 2 2(n) <El^ll*i(/)| 2 + 

i 

c" (^ii/ii^ + ^mi^VIILw + ^II/IIU)) 

where fc > ci/2. By choosing a = (6C /<5) > 1 we obtain, that there exists a constant 
C'" = C'" (fi, L, fc) such that for any < S < 1 and p > 

(i-*/2)ii/iii a(n) <Ei^ii*'(/)I 2 + c ''" (^^'H/llLw+p'^-'ll^/iiLcn) 



The last inequality shows, that if for a given < S < 1 the value of p is choosen 
such that 

p<cS, c= - 1 , c'" = C'"(Q,L,fe), 

V6C 7777 



then we obtain for a fc > 

(i - 2<5/3)||/|| 2 L2(n) < E Ml W)l a + c"'<ry fe ||z fe / 2 /|| 



2 

L 2 (Q)- 



Lemma is proved. □ 
In the space L^(M) we consider the functionals 

Mf) = VW\*i(f) = -L* [ f(x)dx, \Ui\= ( dx. 

Since the functionals $i(/) are continuous on a subspace E^^L) they can be identi- 
fied with certain functions in E u (L) . The theorem below shows that the correspond- 
ing set of functions is a frame in appropriate subspace of bandlimited functions. 
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Theorem 3.3. There exists a c = c(Q,,L) such that, if for a given < 5 < 1 and 
an lo > one has p < c5 1 / d bj~ 1 ^ 2 , and conditions \3. 9\) and \3.10\) are satisfied, 
then 

(3.16) (1 - 5)\\f\\l m < E l^(/)| 2 < ll/HW < 5 < 1, f G E U {L). 

i 

Proof. By using the Schwartz inequality we obtain the right-hand side of f|3.16p 



E \um(f)\ 2 = Ej§i |X, * ? X l/|2dx 



= 11/111,(0), /ei 2 (!J). 



According to the previous lemma, there exist c = c(fi, Z), C = C(f2,L) such that 
for any < <5 < 1 and any p < cS 



2 

L 2 (fi)- 



(3.17) (1 - */2)ll/HL(n) < E I^H^(/)| 2 + Cp 2 ^- 1 !!^/ 2 /! 

■j 

Notice, that if / £ £? W (L), then the Bernstein inequality holds 

(3.18) ll^ /2 /lli 2( o)<^ll/lli 2 (o)- 

Inequalities (I3.17P and (j3. 18[) show that for a certain c = e(f2, L), if p < c8 x / d (jj~ x l 2 , 
then 

(3.19) (1 - <5)||/|| 2 2(n) < E \Ui\\Mf)\ 2 > < 5 < 1, / G E U (L). 

i 

Lemma is proved. □ 



4. BANDLIMITED LOCALIZED FRAMES ON DOMAINS 

4.1. Bandlimited frames. Choose a function F € C£°(R), supported in the in- 
terval [2 -2 , 2 4 ] such that 



(4.1) 



E |F(2- 2 ^ S )| 2 = 1 



j=-oo 



for all s > 0. For example, we could choose a smooth monotonically decreasing 
function r on R + with < r < 1, which is r = 1 in [0, 2~ 2 ] and which is r = in 
[2 2 ,oo). Then F can be defined as F(s) = [r(s/2 2 ) - r(s)] 1 / 2 , s > 0. Let 



J = 



-2 - g lo 8'2 A o 



-1, 



where Ao > is the first eigenvalue of the operator L and [ • ] greatest integer 
function. Using the spectral theorem for L one can obtain 



(4.2) 



J2\F\ 2 (2-VL) = I. 



where the sum (of operators) converges strongly on L2(£l). By applying both sides 
of this formula to an / G £2^) and taking inner product with / gives 



(4.3) 



Ell^( 2 " 2 ^)/llL(o) = ll/llL(a)- 
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Moreover, since function F(2 2j -) has support in [2 2j 2 , 2 2j+4 ] the function F(2 2 ^L)f 
is bandlimitcd to [2 2j ~ 2 , 2 2j+ ]. We consider the sequence 

Uj =2 2 ^, j — 0, 1, 

and fix a < S < 1. For the constant c = c(f2, L) > from Theorem 13.31 and for a 
fixed < 5 < 1 construct the sequence 

Pj = cS 1 ' 11 ^ 1 ' 2 = cjV^-i" 2 , j = 0, 1, .... 

For any fixed j — 0, 1, any cover {t/j,i}[ii that satisfies (|3.9|) . if {^i,i}i=i is the 
corresponding set of functionals constructed according to (|3.10[) . then the frame 
inequalities (13. 16)) hold in every space E Uj (L). Set 

then (|3.16p imply for every j G [J, oo] 
(4.4) 

(1 -S)\\F (2~*L) f\\l (Q) < £ |(F (2-«L) /, *,,*) | 2 < || F (2T*L) f\\l >(n) , 

i=i 

where F(2- 2 ^L)f G ^(i) = E<p j+ i(L). Together with fO]) it gives for any 
/ G £2(0) the following inequalities 

00 ij 

(4-5) (l-<5)||/|lL(n)<£ £|(n2- 2 ^)/,^i>r<||/|l! 2(fl) , /GLa(n). 

Note, that since every functional is continuous on E Uj (L) it can be identified 
with a function in E U .{L) : which still will be denoted as Qj.i- 

Since operator F (V^'i) is self-adjoint, i.e. (F (2^ L) /, = (/, F (2~ 2 ^i) ^) , 
we obtain, that for 

(4.6) e Ji( = F (2- 2 ^L) $ Ji( G £^ (£), 

the following double inequality holds for every / G £2^) 

00 -^j 

(4-7) (l-*)ll/llL(n)<E EK/.%i)| 2 <H/lli 2 (n), /e£ 2 (0). 

4.2. Localization of frame functions. According to the spectral Theorem if a 
self-adjoint positive-definite operator L has a discrete spectrum < Ai < A2 < 
and a corresponding set of eigenfunctions {uj}, with Luj — XjUj, which forms an 
orthonormal basis in L 2 (f2), then for any bounded real- valued function F of one 
variable one can construct a self-adjoint bounded operator F(L) in L-2(£l) as 

(4.8) F(L)f(x) = I K*(x,y)f(y)dy, f G L 2 (fi), 

Jn 

where K~ F (x,y) is a smooth function defined as 

(4.9) K^fay) = ^F{\ m )u m {x)u^(y). 

m 

In what follows the following notations will be used 

(4.10) [Ht 2 L)f] {*) = I Kf(x,y)f(y)dy, f G L 2 (Q), 

Jn 
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where 

(4.11) K?[x, y) = J2 F( t2x m)u m (x)u^(y). 

m 

Localization properties of the kernel Kf (x, y) are given in the following state- 
ment. 

Lemma 4.1. If L is an elliptic self-adjoint second order differential operators on 
compact manifolds (without boundary or with a smooth boundary) and Kf(x,y) is 
given by ^4-9^ 1, then the following holds 

1) If F is any Schwartz function on R , then 

(4.12) Kf{x,x) ~ ct~ d , t->0. 



2) If X ^ y and, in addition, F is even, then Kf(x,y) vanishes to infinite order 
as t goes to zero 



For the proof see [43], Sec. 12. 2, 12.3, Proposition 3.6, and also [19], sec. 17.5. 

Since (x, y) is smooth and ft is bounded we can express localization of 
Kf(x,y) by using the following inequality: for any N > there exists a C(N) 
such, that for all sufficiently small positive t 

+-d 



(4.13) \K*(x,y)\<C(N) _„ ^ nw , t > 0. 



t 

max(l, t^^x — y 

For such kind estimates see [9]. [15]. [13 ] . [T7 ] . [29 
Let's return to our frame One has, 



\@j4x)\ = \F(2^L)^4x) 



sup \K^_ 3 -(x,y)\ < C(N) sup 



Ki-i(x,y)^ jA (y)dy 
2* 



< 



(4.14) \Q jA (x)\<C(N) sup — ^ ^ JG[J,oo), 



- -^w^ max(1; 2 J>-y|)^- 

Thus, the following statement about localization of every Qj^ holds 

Lemma 4.2. For any N > £/iere exists a C(N) such, that 

2<b 

veu } ,i max(l, 2^> - y\) 
uniformly in i and j . 

Inequality (|4.7[) and Lemma \A. 2 1 give the Frame Theorem ll.il 

5. Besov SPACES 

Let I be a self-adjoint positive definite operator in a Hilbert space Lz{0) which 
was introduced in the first section. We consider its positive root L 1 / 2 and let 
T> r , r € K, be the domain of the operator L r / 2 , r £ R. 

The inhomogeneous Besov space B™(fi) is introduced as an interpolation space 
between the Hilbert space £2(0) and Sobolev space T> r where r can be any natural 
number such that < a < r, 1 < q < 00, or < a < r, q = 00. Namely, we have 

fl?(n) = (L 2 (fi),XV)£., O<0 = a/r<l, 1 < g < 00. 
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where K is the Peetre's interpolation functor. It is known that this Besov norm 
can be described in terms of a modulus of continuity constructed in terms of the 
wave semigroup e %tD . Namely, let a < r E N. The norm of the Besov space £?™(f2) 
in L 2 {£1) is equivalent to 

1/8 

(5-1) ||/|| ia( n) 



(J (s- a W r (sJ)Yds/ S 



for 1 < q < oo and equivalent to 

ll/llz 3 (n) 

for q = oo, where modulus of continuity is introduced as 



sup ( S - a W r (s,f)) 

0<s<l 



W r (s, f) 



sup 

0<r<s 



f 



L 2 (H) 



Let F be the function constructed in (|4.1|) and Fj(s) = F(2 2] s). Using (|4.8|) and 
(|4.9j) one can introduce projectors Vj = Fj(L): 

(5.2) Vj : L2(Q) — >• £7[ 2 2i-2 )2 2j+4](L), ||^|| < 1. 

According to (I4.2[) the following version of Calderon decomposition holds: 

(5-3) ^|i^| 2 (£)/ = /, /a 2 (L), 

where the series converges in Z,2(f2). 

Theorem 5.1. T/ie norm of the Besov space B^(fl) for a > 0,1 < q < 00 is 

equivalent to 

1/9 

1 8 



(5.4) 



/,(/) = *V> 



wii/i i/ie standard modifications for q = 00. 



Let {6j,i} be the frame in £2^) defined in (14. 6p . Theorem 15.11 along with 
(|4.7p immediately imply the following description of Besov norm in terms of frame 
coefficients. 

Theorem 5.2. The norm of the Besov space B"(Q) for a>0,l<q<cois 
equivalent to 

1/9 



(5-5) 



q/2\ 



3=0 



with the standard modifications for q = 00. 

The Theorem 15.11 will be obtained as a consequence of the two lemmas below. 
First we note the following inequalities hold for j E N 



(5.6) 



I-e l 



< C 1 T r 2 {j+1)r/2 , 



where r > and r is a natural number. These inequalities follow from general 
properties of semigroups of operators and from the properties 
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Let r € N, m, k € E such that fc + m > and fc < 0. Define tOj = 2 kj and 
Cj = 2 m} for j G Z. Using these notations and previous two inequalities one can 
easily verify, that there exists a C such that for any / € Li{££) and any 1 < p < oo 
the following holds 

(5.7) (^(^/^^^^^(^S^ll/jlli^n))! > * 6(0,1]- 
Lemma 5.3. If for an f G La(^) £fee following condition is satisfied 



(5.8) £>' a9 ll/jllL( n) <oo, f j (f)=V j f ) l<q<oc, 

then f belongs to B"(f2). Moreover, there exists a C for which 

(5-9) QT 1 ( S - a M/ r (/, S )) 9 d S / S ) /? < C ^£ (2^||/ J -|U 2(n) ) 9 
/or aZZ / i/ioi satisfy \5.8\) . 

Proof. Pick a 1 < q < oo and let r < 2a and fc and m satisfy the inequality 
fc + mq < q(a — r/2) (such choice is not unique.) By (|5.7|) we have the following 
inequality 



(5.10) (sup||(l-e^) r /| i2(fi J 9 <c| S ^^2^/V-S- ll/i 



119 

lli 2 (fi) 

i'=0 



By integrating the both sides of (|5.10j) on [0, 1] with respect to the measure s a i — 
we get 

(5.11) Qf 1 (s- a W r (f,s)) q ds/ S ^j ^ < C [f^2^ Wj c] \\M\l 2{Q \ . 

Next, by using triangle inequality for l q - norm and the inequalities 2^ qr ^ 2 WjCj < 
2 jaq we obtain 

(\ 1/9 / \ 1/9 

oo \ / oo 

5>W2 WjC * ll/.H^^ < £^9 ll/.H^^ 

This completes the proof of Lemma for 1 < q < oo. The case q = oo can be handled 
in a similar way. □ 

Lemma 5.4. There exists a C such that for any f € -£2^) any 1 < q < 00 
the following holds 

/ <» \ 1/9 / ,1 x V« 

(5-13) IE( 2J ' Q H^IIm^)) J ^ C {j (s- a W r (f,s)) q ds/s 



LOCALIZED BANDLIMITED FRAMES ON DOMAINS 



13 



Proof. In this proof a constant a > and a natural number r will be fixed. It 
allows us to introduce the following notation 



ao 



1 - e 



is/2 



4r 



ds 



without explicitly mentioning a and r. Let 1/4 < t < 1. By substituting s H> 2s\/i 
in the above integral we get 



no 



2 V* f 2 .svir a 



1 - e' 



4r 



\/tds. 



Since 1/v^ < 2 and -\A < 1, the following estimations hold for any Q > up to 
some constants independent of t: 



1 



1-e' 



4r 



(is < 



(5.14) 

Now define 



ipt+Q) 



1 - e 1 



Sv/7 



4r 



ds 



-(«+Q) 



1 - e 1 



on 1/4 < £ < 1 and zero elsewhere. The map H is bounded and -ff(i) > ao- By the 
spectral theory for L the operator H(L) is bounded on £2(0) an d we obtain the 
following in the weak sense. 



I < a 







M 




-(«+Q) 


1 - e isVI 











ds 



where I is the identity operator on the Hilbert space £,2(^1). Therefore for any 
g€L 2 (n) 



\9\\l 2 (u) 



f 1 / r-\ ~(a+Q)/2 , 

" s jC'-(^ ( 



1-e 1 



2r 



.9 



ds 



L 2 (n) 



Take g := fj, j > 0. An application of inequalities (|5.6[) . (|5.7p . (|5.2[) . and (|3.1£ 

gives 



< / s - a 



< s- 



v 7 ! 



-(a+Q)/2 



ds 



-(a+Q)/2 



(l-e^J /, 



(l - e isVT ^ r Vj (l - e' svT ) " f 



L 2 (Q) 



L 2 (n) 



ds 



<CJ s- a W r {sJ) 2 (2-^« +< 3)/ 2 2 jr ) s 2r ds 

= 2 -^+Q~ 2r ')/ 2 ^ ( S ' a W r (s, f)) 2 S 2r+a ds. 
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The reverse Holder inequality for p = 2 for functions .F(s) := s a W r (s, /), Q(s) :~ 
1, < s < 1, gives 

II^IMieiU-^ra^, \\nv<\\G\\L4re\\Li. 

In other words, one has 

J ( S - a W r (s,f)) 2 S r+a ds < S 2r+a ds^ S - a W r (sJ) S 2r+a ds^ = 

c(^[ s- a W r (sJ)s 2r+a ds' 
for c = c(a, r) = (2r + a + 1)~ 2 . After all we get 

ll/ill L2( n) <2- j(a+Q " 2r)/4 f Hs)s* r+a ds. 

J o 

q 

Therefore for 1 < q < oo and q = 



9-1 



||/ill La(n) < c f^s^ds < 

J 

c2 - j{a+ Q-2r)/4 |JT( s )|9 s 2r+a rfs | ^ ^r+a^ 



(5.15) c'2-^ Q+Q - 2r )/ 4 |^ 1 ( S - a W r (s,/)) 9 s 2r+a rfs| , 
with d = d(r, a) = (r + a + 1)~ 2 + W . Thus, 

(5.16) WfAUn) < c2-^ a +Q^)/4 y\ a -a Wr{aJ))q ds/s ^ 
and then, for Q > 3a + 2r we have 

E2 JQ9 ll/,IIL(n)< (E 2 " j9(Q " 3a " 2r)/4 ) (f\s- a W r {s,f)Y ds/ t 
3=0 \j>0 / VJo 

c(j\ S - a W r ( S ,f)) q ds/s^. 
Finally, we obtain, that for a certain C > the following inequality holds 

f>'mill(n)j <c(j\ S - a W r (sJ)) q s^ds/s^j 

This completes the proof of the lemma for 1 < q < oo. A proof for q = 1 and 
q = oo can be obtained from the preceding calculations. □ 
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